We compute the O(α ′3 ) corrections to the AdS 5 Black hole metric in type IIB string theory. Contrary to previous work in this direction we keep the Black Hole radius finite.
The study of large N gauge theories received in the last year new input from Maldacena's conjecture that type IIB superstring theory on asymptotically AdS -backgrounds is dual to the strong coupling limit of large N gauge theories [1] . Originally the conjecture states that type IIB string theory on AdS 5 × S 5 is dual to N = 4 supersymmetric gauge theory with gauge group SU (N ) in the limit of large N and strong 't Hooft coupling λ = g 2 Y M N . The string loop expansion corresponds to the 1/N expansion of the gauge theory and the sigma-model α ′ expansion to the expansion in the 't Hooft coupling. Denoting the scale of the AdS 5 × S 5 geometry by ℓ, the AdS/CFT dictionary says ℓ 4 α ′2 = λ and g string = 4πg 2 Y M . The gauge theory is thought to live on the conformal boundary of the AdS space. Further specification of the conjecture has been achieved in [2] , in particular it was shown how to calculate correlation functions in the boundary conformal field theory. The conjecture was very soon generalized by Witten to gauge theories at finite temperature [3] . He observed that replacing the AdS space by the AdS Schwarzschild metric should correspond to have the gauge theory at finite temperature on S 3 . Taking the scaling limit of a large black hole one can make the radius of the three sphere infinite. The metric obtained in this way coincides with the near horizon limit of the near extremal threebrane solution [4] . The relation between the near extremal threebrane solution and gauge theories at finite temperature has been studied already earlier by Klebanov et al. [5] . In particular they found that the Bekenstein-Hawking entropy of the threebrane solution reproduces the entropy of the N = 4 gauge theory up to a relative factor of 3 4 . It is now understood that this difference stems from the fact, that the calculation in the gauge theory is done at vanishing coupling, whereas the string calculation is relevant to the regime of infinite coupling (see the recent review by Klebanov [6] ). In [7] the authors calculated the O(α ′3 ) correction to the entropy stemming from the R 4 term in the effective action of type IIB strings 1 . This calculation has actually a somewhat involved history. It was first done using only the five dimensional limit of the AdS Schwarzschild metric which is asymptotic to S 1 × R 3 in two different ways. First the authors plugged in the uncorrected expression for the metric in the R 4 term. In a second step they also calculated the corrections to the metric. Quite surprisingly the results for the free energy turned out to agree. It was then pointed out in [9] that one actually has to consider the whole ten dimensional metric including the S 5 factor. However, the thermodynamic quantities turned out to be unchanged in comparison to the purely five dimensional calculation. For the latter fact an explanation has been offered in an appendix to [7] . Using 1 Corrections stemming from these terms have first been conisered in context of the Ads/CFT correspondence in [8] .
the AdS/CFT dictionary this correction translates into the next to leading order term in a strong coupling expansion in 1 λ at infinite N . On general grounds one expects for the entropy S = 2π 2 3 N 2 V 3 T 3 f (λ). The strong coupling expansion corresponding to the string theory regime gives then f (λ) = 3 4 + 45 32 ζ(3)(2λ) −3/2 + · · ·. A recent field theory two loop calculation gives the expansion around λ = 0 as f (λ) = 1 − 3 2π 2 λ + · · · [10]. Let us turn now to the AdS Schwarzschild black hole which asymptotically approaches S 3 × S 1 . The ten dimensional metric used as IIB background is given by
We have chosen here the analog of the parameterization as in the appendix of [7] , which turns out to be very convenient for calculating the string corrections. The O(α ′ 0 ) expression for the functions A(r), B(r) and C(r) are
Here r 0 is a parameter determining the mass of the black hole. The thermodynamical properties of the four dimensional AdS Schwarzschild black hole have been investigated some years ago by Hawking and Page [11] . For the five dimensional case at hand things are completely parallel. We summarize the relevant facts. The metric does not have a conical singularity if τ is compactified on a circle of radius β = 2πr + ℓ 2 2r 2 + +ℓ 2 . This defines the Hawking temperature T = 1 β and r + is the largest root of r 2 ℓ 2 + r 4 + r 4 0 = 0. For a given temperature there are two solutions
the smaller black hole is however unstable against decay into the larger one. The black hole solution exists only down to a minimal temperature T min = √ 2
ℓπ . The action is calculated by subtracting the value with r 0 = 0 which corresponds to empty Anti-de-Sitter space.
It changes sign at r + = ℓ (T c = 3 2ℓπ ) thereby signalling a phase transition. For r + ≤ ℓ the black hole is unstable against tunneling into pure AdS space. Witten argued that this behavior corresponds to a large N high/low temperature phase transition in the gauge theory on the boundary [3] . At low temperature the theory is described by AdS-space. The free energy is of order one indicating a confining phase. At high temperature the AdS black hole geometry is thermodynamically favored. The free energy is of order N 2 indicating a deconfining phase of the gauge theory. This high/low temperature phase transition occurs only when the gauge theory lives on S 3 . Actually, because of the conformal symmetry of the N = 4 gauge theory the behavior depends only on the dimensionless quantity β ℓ , measuring the ratio of the radius of the circle to the radius of the three sphere. We are interested in calculating the O(α ′3 ) corrections to the relevant thermodynamical quantities. This question has been addressed before in [12] . There the authors did not consider corrections to the geometry but just plugged in the uncorrected metric into the R 4 term. This is a somewhat oversimplified procedure since it ignores the corrections to the geometry. It seems therefore worth to reconsider the problem taking into account also the O(α ′3 ) corrections to the metric. For notational convenience we will set the AdS scale ℓ = 1, it can be reintroduced easily by dimensional analysis.
We use the action
with
W denotes the R 4 term and can be expressed as a particular contraction of four Weyltensors
For the metric at O(0) we have W = 180r 8 0 r 16 . The action for IIB five form field should be understood in the sense that one first varies the action and then implements the selfduality condition at the level of the equation of motion. Such a procedure is convenient for purposes of dimensional reduction. In particular using the ansatz (1) we obtain the one dimensional action
As already in the R 3 case the W-contribution is to long to be displayed here (approx. 1.5 MB Mathematica output). Let us concentrate for a moment on the scale factor for the S 5 .
Since it will be of order γ we find that its contribution to the action at this order is given by the total derivative term solely.
This expression vanishes at the horizon r + . At infinity it vanishes also provided C(r) goes to zero at least as fast as 1 r 5 . We set now A(r) = A 0 (r) + γA 1 (r), etc. The equations of motion following from the action are (
Despite much effort we did not find a closed solution for C 1 . However, as we just saw, this field does not contribute to the action if it vanishes fast enough at infinity. For very large r the differential equation for C 1 becomes
From this we find C 1 (r) ≈ c 1 r 8 + c 2 r 4 . As boundary condition we demand that the metric should still be asymptotically AdS and thus c 2 = 0. This shows that C 1 (r) vanishes indeed fast enough and does not contribute to the action. The solutions for the other equations are (11) Demanding that the corrected metric does not have a conical singularity at the horizon r + we find the period β and thus the temperature T = 1 β to be T = 2r 2 + + 1 2πr + 1 + γ 10(r 3 + + 1) 3 (3r 2 + − 1) r 6 + (2r 2 + + 1)
.
The action at O(γ) is
(13)
We regularize this expression in the usual way by subtracting the action for the metric with R = 0 and the same asymptotic geometry. This condition demands that the period of the empty AdS space β 0 for large radii is related to the period of the AdS black hole β through
We end up with the following expression for the free energy
The correction to the critical black hole radius that follows from this expression is
and the corrected critical temperature is
We finally want to express the free energy as function of the temperature. To do this we need to invert (12) . We write r + = f 0 (T ) + γf 1 (T ) where f 0 (T ) is given by the larger value in (3) and f 1 (T ) turns out as
Plugging this into (15) we obtain the free energy as function of the temperature F = − V ol(S 3 )V ol(S 5 ) 64πG 10 π 2 T 2 1 + 1 − 2 π 2 T 2 2 −3 + π 2 T 2 1 + 1 − 2 π 2 T 2 +γ 15 4 1 + 2π 2 T 2 −14 + 3 1 − 2 T 2 π 2 + π 4 T 4 34 − 30 1 − 2 T 2 π 2 .
(19)
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The entropy is now given by S = − ∂F ∂T and coincides exactly with the expression given in [12] . It is very interesting that a careful calculation taking into account also the corrections to the metric gives the same results as just plugging in the uncorrected metric into the R 4 term. Noting that the corrections are rather more complicated that in the flat case considered in [7] and [9] this seems even more a miracle. So the features of the geometry at O(α ′3 ) are not relevant to its thermodynamics at this order. It would be interesting to have a better physical understanding of this property. Another interesting point would be to compare these expressions with a two loop calculation in field theory.
